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1 Introduction

HastieandTibshiraniproposean intriguing idea,neatlylinking Bayesianmodelingof thefunctionsin a generalized
additive modelwith Gibbssamplingto obtainposteriorrealizationsof thesefunctions.Sincetheir procedureutilizes
only smoothermatricesfor individual predictors,

���
, partial residuals,� � , andnormalrandomvectors,� � , themethod

wouldappearto beapplicableto any modelswith additivecomponentsthatcanbeexpressedin theform
�����

.
A naturalquestionto askof any proposedmethodologyis “to what usecanit be put?” HastieandTibshirani’s

examples,while interestingin themselves,left usquestioningwhat informationcouldbegleanedfrom plotssuchas
Figures1 and2 for theozonedataandFigure3 for thegrowth curvesdata.For example,dotheindividual realizations
in Figure2 addanythingto theinformationalreadyprovidedby thepoint-wiseposteriorintervals?Figure4 goessome
way to addressingthesethoughtswith agraphicaldisplayof two functionalsof theposteriorrealizations.We decided
to pursuethesethoughtsin a differentdirection—thatof modelchecking—andwe outlineour findingsin Section2.
We discussotherpotentialapplicationsin Section3, andmakesomemoregeneralcommentsin Section4.

2 Marginal Model Plots

The goal of a regressionanalysiscanbe expressedas inferenceaboutthe dependenceof an unknown cdf F of the
conditionalrandomvariable 	�
�� on the valueof � . Considera genericregressionmodel for 	

�� representedby
thecdf M; estimatingthis modelgivesriseto anestimatedcdf �M. We now considergraphicsfor comparingselected
characteristicsof F to thecorrespondingcharacteristicsof �M. We usethefactthatF ��	�
������ M ��	�
���� for all valuesof
� in its samplespaceif andonly if F ��	�
������ M ��	�
���� for all functions ����� ����� . This is a moregeneralversionof
theapproachproposedby CookandWeisberg (1997)which sets�!�#"%$&� , where "('*) p. In particular, we focuson
comparinga non-parametricestimateof themeanof 	+
,� to thecorrespondingmeancomputedfrom �M, for various
functions � .

For somefixed � , plot 	 versus � . Add a non-parametricmeanestimate,say a cubic smoothingspline with
fixed degreesof freedom,to the plot—denotethis �EF ��	-
.��� , whereEF denotesexpectationunderF. We wish to
comparethis meanestimatewith a meanestimateunder �M, �E /M ��	0
1��� , whereE /M denotesexpectationunder �M. Since
E /M �2	3
4���5� E 6E /M ��	3
����7
4�.8 , we canobtain �E /M ��	3
9��� from a non-parametricmeanestimatefor the regressionof
thefitted valuesunderM, E /M ��	+
:��� , on � . We canthenaddthis to theplot to obtaina marginal modelplot (MMP)
for � ; this canbe thoughtof asa plot for checkingthemodelin the (marginal) direction � . Using thesamemethod
(andsmoothingparameter)to obtainthis estimateasthatusedto obtainthemeanestimateunderF allowspoint-wise
comparisonof thetwo estimates,sinceany estimationbiasshouldcancel.SeeBowmanandYoung(1996)for further
discussionof this point. If themodelis acloserepresentationof F, we canexpectthatfor any quantity � themarginal
meanestimatesshouldagree,�E /M ��	�
2���<;=�EF �2	7
>��� .

Ideasfor selectingwhich MMPs (ie which functions � ) to considerin practicearegiven in Cook andWeisberg
(1997),with additionaldiscussionprovidedin Cook(1998)andCookandWeisberg (1999).Someexamplesof useful
MMPs includethosefor fitted values,individualpredictors,andlinearcombinationsof thepredictors.Any indication
that the estimatedmarginal meansdo not agreefor oneparticularMMP suggeststhat the modelcould perhapsbe
improved; if they agreefor a variety of plots, we have supportfor the model. The ideasabove canbe extendedto
varianceestimatesto providefurtherwaysfor checkingmodels.

Consider, for example,a MMP for the fitted valuesfor HastieandTibshirani’s ozonedataexamplewith four
predictorvariables.Theplot in Figure1 shows a systematicdiscrepancy betweenthe(black)meanestimateunderF
andthe(gray)meanestimateunder �M; themeanestimateunder �M is too low on theleft, too high in themiddle,and
too low againon theright. Both meanestimateswerecalculatedusingthe S-Plusfunctionsmooth.spline with
(thedefault) four degreesof freedom.

Ontheotherhand,relativeto thevariationin thedata,themeanestimateunder �M doesnotappearto betoofarfrom
themeanestimateunderF. So,arethediscrepanciesenoughto indicateany potentialfor modelimprovement?Porzio
andWeisberg (1999)provide somefrequentistmethodologyto addressthis issue:point-wisereferencebandsto aid
visualizationandstatisticsto calibratediscrepancies.HastieandTibshirani’sprocedurealsoprovidesmethodologyto
addressthis issue.They makethewell-takenpointsthatwecanmakeuseof theindividualrealizationsof theposterior
distributionsof thefunctionsin anadditivemodel,anddisplaytheposteriordistributionsof interesting functionals of
them.They alsonotethatwecancarryoutBayesianinferencefor any quantityof interest.Thiswouldappearto offer
a Bayesianway to aid visualizationin a MMP, with potentialpossibilitiesfor calibratingdiscrepancies.
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Figure1: Marginalmodelplot for thefitted valuesfor theadditivemodelfit to four air pollution variables.

For any particularMMP, it would be useful to display meanestimatesfor the individual realizationsfrom the
posteriordistribution of the fitted values,wherethe fitted-valuerealizationsare just ?A@�:BDCFE�G� , H��JILKNMOK:P%KRQRQ&Q andESG� � � � � G�UTWV �YX�ZN[� � G� . So, insteadof addingthe meanestimateunder �M to the plot of the meanestimateunderF,
we can insteadadda meanestimatefor eachGibbssample,G

G
, andobtainwhat we call a Gibbs marginal model

plot (GMMP). If enoughsamplesaretaken,say50 or 100,theGibbsmeanestimateswill form anapproximatemean
estimateband under �M. Thisplot mayprovideavisualwayof determiningwhetherthereis any evidenceto contradict
thepossibility thatF �2	�
����\� M �2	�
���� . Intuitively, if, for a particular � , themeanestimateunderF lies substantially
outsidethemeanestimatebandunder �M (formedfrom themeanestimatesunderG

G
), thenperhapsthemodelcanbe

improved. If, no matterwhatthefunction � is, themeanestimateunderF lies broadlyinsidethemeanestimateband
under �M, thenperhapsthe modelprovidesa reasonabledescriptionof theconditionaldistribution of 	U
:� . It would
appearto bepossibleto supplementthis purelygraphicalmethodologywith moreformalBayesianinference.

Considera GMMP for the fitted valuesfor the ozonedata. HastieandTibshiranikindly provided us with the
S-Plusfunctionsfor implementingtheideasin their paper, aswell aswith helpin usingtheircode.Thisenabledusto
constructtheGMMP in Figure2. TheGibbssamplingwascarriedoutusingthefully Bayesianproceduredescribedin
HastieandTibshirani’sSection4, with a warmupperiodof 300iterations.Theplot shows the(black)meanestimate
underF lying mostly outsidethe meanestimatebandunder �M (formedfrom 100 (gray)meanestimatesunderG

G
).

Thisappearsto offer clearevidencethatthefitted modelcanbeimproved.
As curiousappliedstatisticians,we couldn’t resisttrying to seeif we couldcomeup with a bettermodelfor these

data.Oneparticulartechniquewe appliedwasSliced Average Variance Estimation (SAVE), introducedby Cookand
Weisberg (1991)anddevelopedby CookandLee (1999). SAVE is a model-freemethodfor estimatingthesmallest
subspace] of ) p sothat 	 and � areindependentgiventheprojectionof � onto ] , ^ _D� . In words,all theinformation
about	 thatis availablefrom � is containedin ^�_S� . Following Li (1991),] is adimension reduction subspace for the
regressionof 	 on � . Thesmallestsuch] is calledthecentral subspace,]�`ba c (Cook1994;Cook1998);SAVE yields
a subspaceestimate,] SAVE d ]�`ba c . This estimatecanthenbe usedto postulatea model,asdescribedby example
below.

Sincetheadditivemodelfit aboveappearsunableto accountfor thecurvaturein theMMP for thefittedvalues,we
felt thatSAVE mightbeableto provideuswith abettermodel.WeusedtheSAVE methodologyto infer thedimension
of ]�`La c to betwo, andobtainedtwo linearcombinationsof predictors,e X and e [ , asanestimateof a basisfor ]�`ba c .
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Figure2: Gibbsmarginalmodelplot for thefitted valuesfor theadditivemodelfit to four air pollution variables.

A 3D plot of 	 versuse X and e [ indicatedthataninteractionterm, e X�[ , might alsobeimportant.So,we decidedto
fit anadditivemodel:E ��	\
����f�=g Tih X �2e X � Tih [ �2e [ � Tih X�[ �2e X�[ � . Smoothingsplineswith (theS-Plusdefault) four
degreesof freedomwereusedto estimatethe

h
functions.A GMMP for thefitted valuesfor this modelis shown in

Figure3. The plot shows the (black) meanestimateunderF lying insidethe meanestimatebandunder �M (formed
from the(gray)meanestimatesunderG

G
). Thereis little evidencein this plot to suggestthat thefitted modelcanbe

improved.
However, thereis evidencefrom a MMP for oneof theoriginalpredictors,InversionBaseHeight,thatthis model

toocouldbeimproved.Again,thediscrepancy betweenthemarginalmeanestimatesin thisplot (notshown) is difficult
to assessrelative to the variability in the data. ThecorrespondingGMMP in Figure4 allows this discrepancy to be
evaluatedvisually, andtheplot reinforcesthesuppositionthatthemodelcouldpossiblybeimproved(at leastfor low
valuesof InversionBaseHeight).

Having appliedHastieand Tibshirani’s methodologyto thesedata,GMMPs appearto offer a quick and easy
way to graphicallycheckmodels. The Gibbs samplingonly needsto be doneoncefor eachmodel; with Hastie
and Tibshirani’s S-Pluscodethis is straightforward. The analystcan then cycle througha variety of GMMPs to
get someguidanceon whether(andhow) an alternative modelmight provide an improvement.For example,in the
above analysis,a next stepmight be to develop a model that dealswith low valuesof InversionBaseHeight more
satisfactorily, sayby increasingthedegreesof freedomfor thesmoothersin theadditivemodel,or by trying different
smootherssuchasloess.

Doesa GMMP suffer the sameshortcomingasHastieandTibshirani’s Figure2—namely, would we be ableto
obtainequivalent informationby plotting point-wiseposteriorintervals insteadof individual posteriorrealizations?
Theanswerto this questionwould surelybeyes,wereit not for thefact that it is not clearhow suchintervalsmight
bedefinedin practice.For example,posteriorintervalscouldbecalculatedfor thefitted valuesin anadditive model
by summingtheposteriorintervalsfor theindividual functionsin themodel. It would thenbestraightforwardto plot
the point-wiseintervalson a MMP for thefitted values.But, for MMPs for any otherfunction � , it is unclearwhat
point-wiseposteriorintervalsshouldbedefinedto be. Onepossibilitywould be to smooththepoint-wiseupperand
lower limits for thefitted valuesusingthesamemethodasusedto obtainthemeanestimatesunderF and �M, but it is
not clearthatthis will giveuspoint-wiseposteriorintervalsfor E /M �2	7
>��� .
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Figure3: Gibbsmarginalmodelplot for thefitted valuesfor theadditivemodelfit to ��e X K�e [ K:e X�[ � .

3 Other Potential Applications

Returningto HastieandTibshirani’sFigure1, canthese plots(of partialresidualsversusindividualpredictors)beused
for modelchecking?Theanswerto this questionwould appearto beno. Theblackcurvesaresmoothsof thepartial
residuals,E � � � � � � , while the gray curvesarethe Gibbsposteriorrealizations,ESG� � � � � G�UT=V �FX:ZN[� � G� . Theseplots
wouldappearto offer visualizationonly of thevariability in thefitted functions.Appropriateplotsfor modelchecking
in this context areGMMPsfor theindividualpredictors,asshown for examplein Figure4.

Thereareotherplots usedin modelcheckingand regressiondiagnosticsthat canbe difficult to assessrelative
to the variation in the data. Someexamplesinclude: residualplots; CERESplots, which are a generalizationof
partialresidualplotsandwereintroducedby Cook(1993);net-effectplots,which aid in assessingthecontributionof
a selectedpredictorto a regressionandwereintroducedby Cook (1995). The ideasdiscussedabove would appear
to have a rôle to play in the analysisof suchplots. Work is in progresson theseissues,aswell ason developing
supplementaryBayesianinferencemethodology.

4 Miscellanea

HastieandTibshirani’sprocedureappearsto liveup to its claimof modularityandgenerality. Althoughtheprocedure
derivesfrom theback-fittingalgorithmfor fitting additive models,it couldprobablybeappliedfairly easilyto other
familiesof modelssuchasgeneralizedlinearmodels.Whethertheprocedurecouldalsobedescribedasconceptually
simpleis perhapsmoreopento debate.For example,choosingpriorsfor thevariancecomponentsis far from trivial,
and MCMC convergenceshouldalways be checked in practice. That said, there is clearly a wealth of potential
applicationsfor theposteriorsamplesgeneratedwith this technique.

SAVE techniquescan be appliedusing Arc (Cook and Weisberg 1999), a comprehensive regressionprogram.
Informationabouttheprogramis availableat theInternetsitewww.stat.umn.edu/arc.
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Figure4: Gibbsmarginalmodelplot for InversionBaseHeightfor theadditivemodelfit to �2e X K�e [ K�e X�[ � .
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