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1 Introduction

Hastieand Tibshiraniproposean intriguing idea, neatlylinking Bayesianmodelingof the functionsin a generalized
additve modelwith Gibbssamplingto obtainposteriorrealizationsof thesefunctions. Sincetheir procedurautilizes
only smoothematricesfor individual predictors,S;, partialresidualsy;, andnormalrandomvectors,z;, the method
would appeato beapplicableto ary modelswith additve componentshatcanbe expressedn theform S;y.

A naturalquestionto askof ary proposedmethodologyis “to whatusecanit be put?” Hastieand Tibshirani's
exampleswhile interestingin themseles,left us questioningwhatinformationcould be gleanedrom plots suchas
Figuresl and2 for theozonedataandFigure3 for the growth curvesdata.For example, do theindividual realizations
in Figure2 addanythingto theinformationalreadyprovidedby the point-wiseposteriorintervals?Figure4 goessome
way to addressinghesethoughtswith a graphicaldisplayof two functionalsof the posteriorealizations We decided
to pursuethesethoughtsin a differentdirection—thatof modelchecking—andve outline our findingsin Section2.
We discussotherpotentialapplicationdn Section3, andmake somemoregenerakcommentsn Section4.

2 Marginal Model Plots

The goal of a regressionanalysiscanbe expressedhsinferenceaboutthe dependencef an unknovn cdf F of the
conditionalrandomvariabley | x on the value of x. Considera genericregressionmodelfor y | x representedy
the cdf M; estimatingthis modelgivesrise to anestimatectdf M. We now considergraphicsfor comparingselected
characteristicsf F to the correspondingharacteristicsf M. We usethefactthatF(y | x) = M(y|x) for all valuesof
x in its samplespacef andonly if F(y | h) = M(y | h) for all functionsh = h(x). Thisis amoregeneralersionof
the approachproposedy Cook andWeisbeg (1997)which setsh = aTx, wherea € RP. In particulay we focuson
comparinga non-parametrie@stimateof the meanof y | 4 to the correspondingneancomputedirom M, for various
functionsh.

For somefixed h, plot y versush. Add a non-parametrianeanestimate,say a cubic smoothingspline with
fixed degreesof freedom,to the plot—denotethis Ep(y | h), where Er denotesexpectationunderF. We wish to
comparehis meanestimatewith ameanestimateunderM, Em (y | h), whereEg denotesaxpectatiomnderl\A/l. Since
Eg(y | h) = E[Eg(y | x) | A], we canobtain Em (y | h) from a non-parametrieneanestimatefor the regressionof
thefitted valuesunderM, Eg (y | x), on h. We canthenaddthis to the plot to obtaina maminal modelplot (MMP)
for h; this canbethoughtof asa plot for checkingthe modelin the (maminal) directionh. Usingthe samemethod
(andsmoothingparameterjo obtainthis estimateasthat usedto obtainthe meanestimateunderF allows point-wise
comparisorof thetwo estimatessinceary estimationbiasshouldcancel.SeeBowmanandYoung(1996)for further
discussiorof this point. If the modelis a closerepresentationf F, we canexpectthatfor ary quantityh the maiginal
meanestimateshouldagree Eg (y | h) ~ Er(y | h).

Ideasfor selectingwhich MMPs (ie which functionsh) to considerin practiceare givenin Cook andWeisbeg
(1997),with additionaldiscussiorprovidedin Cook(1998)andCookandWeisbeg (1999). Someexamplesof useful
MMPs includethosefor fitted values,individual predictors andlinear combinationf the predictors. Any indication
that the estimatedmaiginal meansdo not agreefor one particularMMP suggestghat the model could perhapshe
improved; if they agreefor a variety of plots, we have supportfor the model. The ideasabove canbe extendedto
varianceestimatego provide furtherwaysfor checkingmodels.

Consider for example,a MMP for the fitted valuesfor Hastie and Tibshirani's ozonedataexamplewith four
predictorvariables.The plotin Figure 1 shavs a systematialiscrepang betweerthe (black) meanestimateunderF
andthe (gray) meanestimateunderM; the meanestimateunderM is too low on theleft, too high in the middle,and
too low againon theright. Both meanestimatesvere calculatedusingthe S-Plusfunctionsnoot h. spl i ne with
(thedefault) four degreesof freedom. ~

Ontheotherhand relativeto thevariationin thedata themeanestimataunderM doesnotappeato betoofarfrom
themeanestimateunderF. So,arethediscrepanciesnoughto indicateary potentialfor modelimprovement?orzio
andWeisbeg (1999) provide somefrequentistmethodologyto addresghis issue: point-wisereferencebandsto aid
visualizationandstatisticgo calibratediscrepanciedHastieand Tibshirani’s procedurealsoprovidesmethodologyto
addresshisissue.They make thewell-takenpointsthatwe canmake useof theindividual realizationsof the posterior
distributionsof the functionsin anadditive model,anddisplaythe posteriordistributionsof interesting functionals of
them. They alsonotethatwe cancarry out Bayesiarinferencefor ary quantityof interest.This would appeato offer
aBayesianwvayto aid visualizationin a MMP, with potentialpossibilitiesfor calibratingdiscrepancies.
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Figurel: Marginalmodelplot for thefitted valuesfor the additive modelfit to four air pollution variables.

For ary particularMMP, it would be usefulto display meanestimatedor the individual realizationsfrom the
posteriordistribution of the fitted values,wherethe fitted-value realizationsare just Z;’:O fjt, t=1,2,3,...and

fjt = Sjrj'.5 + 05‘].1/2z;. So, insteadof addingthe meanestimateunderM to the plot of the meanestimateunderF,

we caninsteadadd a meanestimatefor eachGibbs sample,G*, and obtainwhatwe call a Gibbs marginal model
plot (GMMP). If enoughsamplesaretaken,say50 or 100, the Gibbsmeanestimateswill form anapproximatemean
estimateéband underM. This plot may provide avisualway of determiningwhetherthereis any evidenceto contradict
the possibilitythatF(y | h) = M(y | k). Intuitively, if, for a particularh, the meanestimateunderF lies substantially
outsidethe meanestimatebandunderM (formedfrom the meanestimatesinderG?), thenperhapghe modelcanbe
improved. If, no matterwhatthe function is, the meanestimateunderF lies broadlyinsidethe meanestimateband
underM, thenperhapshe modelprovidesa reasonabl@escriptionof the conditionaldistribution of y | x. It would
appeatto be possibleto supplementhis purely graphicalmethodologywith moreformal Bayesiarinference.

Considera GMMP for the fitted valuesfor the ozonedata. Hastieand Tibshiranikindly provided us with the
S-Plusfunctionsfor implementingtheideasin their paperaswell aswith helpin usingtheir code.This enabledisto
constructhe GMMP in Figure2. The Gibbssamplingwascarriedout usingthefully Bayesiamroceduralescribedn
HastieandTibshiranis Section4, with a warmupperiodof 300iterations.The plot shaws the (black) meanestimate
underF lying mostly outsidethe meanestimatebandunderM (formedfrom 100 (gray) meanestimatesinderG?).
This appeardo offer clearevidencethatthefitted modelcanbeimproved.

As curiousappliedstatisticiansye couldn't resisttrying to seeif we couldcomeup with a bettermodelfor these
data.Oneparticulartechniquewe appliedwas Siced Average Variance Estimation (SAVE), introducedby Cookand
Weisbeg (1991)anddevelopedby Cook andLee (1999). SAVE is a model-freemethodfor estimatingthe smallest
subspace of R sothaty andx areindependengiventhe projectionof x ontoS, Psx. In words,all theinformation
abouty thatis availablefrom x is containedn Psx. Following Li (1991),S is adimension reduction subspace for the
regressiorof y onx. ThesmallestsuchsS is calledthe central subspaces,  (Cook1994;Cook1998); SAVE yields
asubspacestimate Ssae C Syx- This estimatecanthenbe usedto postulatea model, asdescribedby example
below.

Sincethe additive modelfit above appearsinableto accountfor the curvaturein the MMP for thefitted valueswe
felt thatSAVE mightbeableto provide uswith abettermodel. We usedthe SAVE methodologyto infer thedimension
of Sy|x to betwo, andobtainedtwo linear combinationsof predictorsw; andw., asan estimateof a basisfor S .
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Figure2: Gibbsmaiginalmodelplot for thefitted valuesfor the additve modelfit to four air pollution variables.

A 3D plot of y versusw; andws indicatedthataninteractionterm,w;», might alsobeimportant. So, we decidecdto
fit anadditve model:E(y | x) = a + fi(w1) + fa(w2) + fi2(w12). Smoothingsplineswith (the S-Plusdefault) four
degreesof freedomwereusedto estimatethe f functions. A GMMP for the fitted valuesfor this modelis shawvn in
Figure3. The plot shows the (black) meanestimateunderF lying insidethe meanestimatebandunderi (formed
from the (gray) meanestimatesinderG*®). Thereis little evidencein this plot to suggesthatthe fitted modelcanbe
improved.

However, thereis evidencefrom a MMP for oneof the original predictors InversionBaseHeight, thatthis model
toocouldbeimproved. Again,thediscrepang betweerthemarginalmeanestimatesn this plot (notshown) is difficult
to assesselative to the variability in the data. The correspondingsMMP in Figure4 allows this discrepang to be
evaluatedvisually, andthe plot reinforcesthe suppositiorthatthe modelcould possiblybe improved (at leastfor low
valuesof InversionBaseHeight).

Having applied Hastie and Tibshirani's methodologyto thesedata, GMMPs appearto offer a quick and easy
way to graphicallycheckmodels. The Gibbs samplingonly needsto be doneoncefor eachmodel; with Hastie
and Tibshirani's S-Pluscodethis is straightforvard. The analystcanthen cycle througha variety of GMMPs to
getsomeguidanceon whether(andhow) an alternatve modelmight provide animprovement. For example,in the
above analysis,a next stepmight be to develop a modelthat dealswith low valuesof InversionBaseHeight more
satishctorily, sayby increasinghe degreesof freedomfor the smoothersn the additive model,or by trying different
smoothersuchasloess.

Doesa GMMP suffer the sameshortcomingas Hastieand Tibshirani’s Figure 2—namely would we be ableto
obtain equivalentinformation by plotting point-wiseposteriorintervals insteadof individual posteriorrealizations?
The answerto this questionwould surelybe yes,wereit not for the factthatit is not clearhow suchintervals might
be definedin practice. For example,posteriorintervals could be calculatedor thefitted valuesin anadditive model
by summingthe posteriorintervalsfor the individual functionsin the model. It would thenbe straightforwardto plot
the point-wiseintervalson a MMP for thefitted values. But, for MMPs for ary otherfunction i, it is unclearwhat
point-wiseposteriorintervals shouldbe definedto be. Onepossibility would be to smooththe point-wiseupperand
lower limits for thefitted valuesusingthe samemethodasusedto obtainthe meanestimatesinderF andM, but it is
notclearthatthis will give uspoint-wiseposteriorintervalsfor Eg; (y|h).
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Figure3: Gibbsmaminal modelplot for thefitted valuesfor theadditive modelfit to (w1, wa, w12).

3 Other Potential Applications

Returningto HastieandTibshiranis Figurel, canthese plots (of partialresidualsrersusndividual predictorsheused
for modelchecking?The answerto this questionwould appeato be no. Theblack curvesaresmoothsof the partial
residualsf; = S;r;, while the gray curvesarethe Gibbsposteriorrealizations £/ = Sjrf + aSjl/Qz;. Theseplots
would appeato offer visualizationonly of thevariability in thefitted functions.Appropriateplotsfor modelchecking
in this context are GMMPsfor the individual predictors asshavn for examplein Figure4.

Thereare other plots usedin model checkingand regressiondiagnosticghat can be difficult to assesselative
to the variationin the data. Someexamplesinclude: residualplots; CERESplots, which are a generalizatiorof
partial residualplotsandwereintroducedby Cook (1993);net-efect plots, which aid in assessinghe contribution of
a selectedpredictorto a regressionandwere introducedby Cook (1995). The ideasdiscussedibove would appear
to have arble to play in the analysisof suchplots. Work is in progresson theseissues,aswell ason developing
supplementarBayesiarinferencemethodology

4 Miscellanea

HastieandTibshirani's procedureappeardo live up to its claim of modularityandgenerality Althoughthe procedure
derivesfrom the back-fittingalgorithmfor fitting additive models,it could probablybe appliedfairly easilyto other
familiesof modelssuchasgeneralizedinearmodels.Whetherthe procedurecould alsobe describedasconceptually
simpleis perhapsnoreopento debate.For example,choosingpriorsfor the variancecomponentss far from trivial,
and MCMC corvergenceshould always be checled in practice. That said, thereis clearly a wealth of potential
applicationdor the posteriorsamplegieneratedvith thistechnique.

SAVE techniquescan be appliedusing Arc (Cook and Weisbeg 1999), a comprehensie regressionprogram.
Informationaboutthe programis availableatthe Internetsitewww. st at . umm. edu/ ar c.
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Figure4: Gibbsmaminalmodelplot for InversionBaseHeightfor the additive modelfit to (wy, w2, w12).
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