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Graphical Regression Diagnostics
Considera regressionproblem with � observationsof a uni-

variate response,��� �����
	������	�������� , and � predictors, ��������
	�����	�������� . Supposea model ��� �!�#"$� hasbeenderived
for the conditionalcumulative distribution function % of � given� , where " is a vectorof unknown parameters.Assume" canbe
consistentlyestimatedwith & " . Beforeusing &�'�(�!��&"�� to address
a practicalissue,we needto be confidentthat � providesa suffi-
cientlyaccurateapproximationto % , wheretheaccuracy is gauged
relativeto thepracticalissue.In otherwords,acknowledgingBox’s
insight that “all modelsarewrong,but someareuseful”, how can
we assessif � is useful?

To answerthis question,graphicaldiagnosticmethodsareoften
employedto allow visualizationof featuresthatthedatashouldex-
hibit if themodelholds.Judgingwhethersuchfeaturesarepresent
or absentin any particulardiagnosticplot canbe problematic. In
thisarticlewetakeaBayesiansamplingapproachto aidin thistask.

Bayesian Model Checking Diagnostics
Box (1980) proposeda Bayesiandiagnosticfor checking �

basedon the following. Conditionalon � , the marginal, or pre-
dictive,distributionof � canbedescribedby its density) �*�,+ �-�.� / ) ���0+ "1	2�-� ) �3"4+ �-��56" (1)

where
) �*�,+ "4	��-� is the likelihood for � and

) �3"4+ �-� is the prior
densityof " . Onceactualdata �47 areavailable, � canbeassessed
by referringthevalueof thepredictive densityat � 7 , ) �*� 7 + �-� , to
thedensityfunction

) ���0+ �8� . Oneway to do this is to calculate9 �;:.<=� ) �*�,+ �-�0> ) ���47�+ �-��� (2)

wheretheprobability is calculatedunder � . A “small” valueof 9
indicatesthat �?7 wouldbeunlikely to begeneratedby � , andthus
calls � into question.More generally, � canbeassessedby refer-
ring the valueof the predictive densityof somerelevantchecking
function, @�A2���4� , at �47 to its predictive density, for a varietyof @�A .
Examplesof useful @�A in practiceincluderesiduals,orderstatistics,
andmomentestimators.

(1) exists only for properpriors; Rubin (1984)proposedan al-
ternative approachthat canwork with improperpriors, using the
posteriorpredictivedensity) ���0+ � 7 	2�-�.� / ) ���0+ "1	2�-� ) �3"4+ � 7 	2�-��5B"
where

) �#"?+ �?7�	��-� is theposteriordensityof " . Again,diagnostics
similar to (2) andcheckingfunctions@�A canbeconstructed.

A Sampling Interpretation
Anotherway to think abouttheabove approachis in termsof a

samplingsimulation.Draw a valueof " from its prior distribution
(for Box) or posteriordistribution (for Rubin), and thengenerate
a sampleof � realizationsfrom the model � indexed by this " .
Repeatthis processa large number C of timesandthencompare
the data �?7 to the C realizationsfrom � . Then,intuitively, if �47
“looks like” atypicalrealizationfrom � , thereis noreasonto doubt
the usefulnessof � . On the otherhand,if �47 appearsto be very
“unusual” with respectto the C realizationsfrom � , then � is
calledinto question.

To do this in practice,methodsfor comparing�47 to the C real-
izationsfrom � andmeasuresof “unusualness”needto bedevel-
oped.But oncedone,themethodologycanbeappliedin any situ-
ationwheresamplescanbegeneratedfrom theprior (or posterior)
distribution for " . In particular, themethodologycanbeappliedin
situationswherequantitiessuchas(2) cannotbe derived analyti-
cally. Thechoiceof prior or posteriorfor generatingrealizationsof" from � is discussedin Pardoe(2001).

Someaspectsof the modelbeingcheckedmay dependonly on" itself, ratherthanon a sampleof � realizationsfrom �D�#"�� . For
example," mightrepresentpredictedvaluesfor �,+ � . If model-free
predictedvalueswereavailable,thesecould be compareddirectly
with the " samplesto assessthefit of themodel.

Marginal Model Plots
Following on from Cook and Weisberg (1997), %0���E+ �.�F��D�*��+ �.� for all valuesof � in its samplespaceif and only if%0���E+ G6�H�I�!���E+ GJ� for all functions GK�LG1�*�.� . So, a comparison

between%0�*��+ �M� and &�!���E+ �M� canbemadeby comparingcharacter-
isticsof %0���E+ G6� and &�!�*��+ GJ� for variousG . Particularcharacteristics
thatcanbeusefulto compareincludemeanandvariancefunctions.

To comparemeanfunctions for example, plot � versus G for
somefixed G . Add a non-parametricmeanestimate,saya cubic
smoothingsplinewith fixedsmoothingparameter, to theplot. The
correspondingmeanestimateunder &� canbeobtainedfrom anon-
parametricmeanestimatefor theregressionof thefittedvaluesun-
der &� on G . Add thismeanestimateto theplot to obtainamarginal
modelplot (MMP) for themeanin the(marginal)direction G . Using
thesamemethodandsmoothingparameterfor themeanestimates
under &� and % allowspoint-wisecomparisonof thetwo estimates,
sinceany estimationbiasshouldcancel.

Ideasfor selectingusefulfunctions G to considerin practicein-
cludefitted values,individual predictors,andlinear combinations
of predictors. If � is a useful approximationto % , then for any
quantity G themarginal meanestimatesshouldagree.Any indica-
tion thattheestimatedmarginalmeansdonotagreefor oneparticu-
lar G calls � into question;if they agreefor avarietyof plots,there
is supportfor � .

Bayes Marginal Model Plots
A problemthatariseswith usingMMP’s in practiceis deciding,

relative to the variation in the data,when the estimatedmarginal
meansagreeandwhenthey do not agree. How large do discrep-
anciesbetweentheestimatedmarginal meanshave to beto call �
into question?Evenif �N�O% , theestimatedmarginal meansin a
MMP would not matchexactly. So,a techniqueis neededto visu-
alizethevariability in � to assesswhetherit would bereasonable
for thedatato begeneratedby suchan � . Thesamplinginterpreta-
tion for theBayesianmodelcheckingdiagnosticsof Box andRubin
providessucha technique:for any particularMMP, calculatemean
estimatesfor fittedvaluescorrespondingto individualsamplesfrom
eitherthe prior distribution (for Box) or posteriordistribution (for
Rubin) of " . Then,insteadof addingthe meanestimateunder &�
to the plot of themeanestimateunder % , adda meanestimatefor
eachsample,P,QR	�ST�VU�	����W	�C , andobtainwhat we call a Bayes
marginal modelplot (BMMP) for themean.Note that the " sam-
plesarebeinguseddirectlyhere,assuggestedabove.

If enoughsamplesaretaken,say CV�XUYZY , theBayesmeanes-
timateswill form a meanestimateband under &� . The plot then
providesavisualwayof determiningwhetherthereis any evidence
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to contradictthe possibility that %0���E+ G6�T�[�D���E+ G6� . If, for a par-
ticular G , the meanestimateunder % lies substantiallyoutsidethe
meanestimatebandunder &� , then � is called into question. If,
no matterwhat the function G is, the meanestimateunder % lies
broadly inside the meanestimatebandunder &� , thenperhaps�
providesa usefuldescriptionof theconditionaldistributionof �E+ � .
An Example

TheNormallinearregressionmodelcanbewritten�,+\�*]^	2"��._a`cb3]edf	2g�h�iVj ��k
where ] is thedesignmatrix, "l�O�md � 	�g h ��� , d is a �lnoU vector
of unknown parameters,g h is theunknownerrorvarianceconstant,
and i is aknown diagonalweightmatrix.

The usualnon-informative prior for the Normal linear regres-
sionmodelis

) �3"$�qp(g j h . ConsiderconstructingBMMP’s in this
situation. Sincethe prior is improper, only Rubin’s approachis
appropriate.Samplingfrom the posterioris straightforwardsince) �mdr	�g h +s�#]^	��?7=���t� ) ��du+\�*]v	��47Z	�g h � ) �*g h +s�#]^	��?7=� . In particu-
lar, draw a valueof g h from

g h +s�#]^	�� 7 �._ RSSw j h� j �
whereRSSw j h� j � is theusualweightedresidualsumof squaresdi-
videdbya w h randomvariablewith �yx � degreesof freedom.Then,
holding g h fixed,draw avalueof d from

du+\�*]z	�� 7 	�g h �._a`|{ &df	2g h �#] � i}]c� j �W~
where &d����*] � i}]c� j � ] � i�� is the usual weighted least
squaresestimatefor d . Thefitted valuescorrespondingto thepos-
terior samplesd Q are ]ed Q . This procedureis straightforward to
programin S-Plususingthesmooth.spline functionto obtain
the non-parametricmeanestimateswith user-specifiedsmoothing
parameter—furtherdetailsareavailablein Pardoe(2001).

Consideran exampleon maximizing yield, � , in a two-stage
chemicalprocesswith temperatures��� � 	�� h � andtimes ��S � 	�S h � of
reactionat thetwo stages,andconcentration�#��� of oneof the re-
actantsat thefirst stage.Box (1954)basedananalysisof thesedata
on a full second-orderresponsesurfacemodel.However, fitting 21
parameterswith 32 observationsmaybesomewhatambitious,and
Box notesthatthedataappearto supporta responsesurfacethat is
a two-dimensionalridgesystemembeddedin thefive-dimensional
spaceof predictorvariables. Cook (1998) suggeststhat a three-
dimensionalridgesystembasedon two linearcombinationsof the
transformedpredictors,�*�=� and �*� h , may in factbe sufficient. Ac-
cordingly, we fit a second-ordermodelto �#�� and �*� h ; BMMP’s for
themeanin thedirectionsof thefittedvaluesfor thismodeland �*� h ,
areshown in Figure1.

BothBMMP’sshow themeanestimatesunder% lying insidethe
meanestimatebandsunder &� . Thereis little evidencein theseplots
to call this modelinto question.In fact,BMMP’s for this modelin
a varietyof directions G all appearto have this characteristic.So,
using this graphicaldiagnostictechnique,thereappearsto be no
compellingevidenceto questionthemodel.

Thefittedmodelcanthenbeusedwith confidenceto addressthe
practicalquestionof maximizingyield. Becausethe modelrepre-
sentsathree-dimensionalridgesystem,arangeof predictorsettings
canmaximizeyield. Box (1954)discusseswaysto identify such
settingsfrom thefitted model.For example,theexperimentermay
beinterestedmainly in settingsfor �*����	�� h � thatmaximizeyield in
minimumtime S �y� S h andminimumconcentration� .

•
•

•

•

•

•

•

•

•

•
•

•

•

•

•

•
•

•

•

• •

•

•

•

•
•

•
•

••
•
•

fitted values
�

y

50
�

55
�

60
�

65
�

70
�45

50
55

60
65

70
75

Mean estimate under F     
�
Mean estimates under M     
�

•
•

•

•

•

•

•

•

•

•
•

•

•

•

•

•
•

•

•

• •

•

•

•

•
•

•
•

••
•

•

lc2
�

y

-2 -1 0
�

1 2
�45

50
55

60
65

70
75

Mean estimate under F     
�
Mean estimates under M     
�

Figure1: BMMP’s for the mean.

Discussion
BMMP’s for themeanoffer aquickandeasyway to checkmod-

elsgraphically. Thesamplingneedsto bedoneonly oncefor each
modelandcycling throughBMMP’sin avarietyof directionsG pro-
videsguidanceon theusefulnessof themodel.Work is in progress
to extendthemethodologyto variancefunctionestimates,to gener-
alizedlinearmodels,to otherplotsusedin regressiondiagnostics,
andto complementaryquantitativemethods.
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