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Graphical Regression Diagnostics

Considera regressionproblemwith n obsenationsof a uni-
variate response,y = (y1,...,y»)7, and p predictors,xz =
(z1,...,7p)T. Supposea modelM = M(@) hasbeenderived
for the conditionalcumulatize distribution function F of y given
x, where@ is a vectorof unknovn parametersAssumeé canbe
consistentlyestimatedwith 8. BeforeusingM = M(@) to address
a practicalissue,we needto be confidentthat M providesa sufi-
cientlyaccurateapproximatiorto F, wheretheaccurag is gauged
relativeto thepracticalissue.In otherwords,acknavledgingBox’s
insightthat “all modelsarewrong, but someareuseful”, how can
we asses#f M is useful?

To answerthis question graphicaldiagnosticmethodsare often
employedto allow visualizationof featureshatthe datashouldex-
hibit if themodelholds. Judgingwhethersuchfeaturesarepresent
or absentin ary particulardiagnosticplot canbe problematic. In
thisarticlewetake aBayesiarsamplingapproacho aidin thistask.

Bayesian M odel Checking Diagnostics

Box (1980) proposeda Bayesiandiagnosticfor checkingM
basedon the following. Conditionalon M, the maminal, or pre-
dictive, distribution of y canbedescribedy its density

M) = / £(y]6,M)£(8]M) d6 1)

where f(y|@, M) is the likelihoodfor y and f(8|M) is the prior
densityof 8. Onceactualdatay, areavailable,M canbeassessed
by referringthe valueof the predictive densityaty,, f(y4|M), to
thedensityfunction f (y|M). Oneway to do thisis to calculate

a =Pr(f(yM) < f(yaM)) )

wherethe probabilityis calculatedunderM. A “small” valueof «
indicatesthaty, would beunlikely to be generatedhy M, andthus
callsM into question.More generallyM canbe assesselly refer
ring the value of the predictive densityof somerelevantchecking
function, g;(y), aty, to its predictive density for a variety of g;.
Examplesof usefulg; in practiceincluderesidualsprderstatistics,
andmomentestimators.

(1) exists only for properpriors; Rubin (1984) proposedan al-
ternatve approachthat can work with improperpriors, using the
posteriompredictive density

Fylya M) = / F(y10, M) (Bly,, M) 6

wheref(0|y,, M) is the posteriordensityof . Again,diagnostics
similarto (2) andcheckingfunctionsg; canbe constructed.

A Sampling Interpretation

Anotherway to think aboutthe above approachs in termsof a
samplingsimulation. Draw a valueof @ from its prior distribution
(for Box) or posteriordistribution (for Rubin), andthen generate
a sampleof n realizationsfrom the modelM indexed by this 6.
Repeathis processa large numberm of timesandthencompare
the datay, to them realizationsfrom M. Then,intuitively, if y,
“lookslike” atypicalrealizationfrom M, thereis noreasorto doubt
the usefulnesof M. On the otherhand,if y, appeardo be very
“unusual” with respectto the m realizationsfrom M, thenM is
calledinto question.

To dothisin practice,methodsfor comparingy, to them real-
izationsfrom M and measure®f “unusualnessheedto be devel-
oped. But oncedone,the methodologycanbe appliedin ary situ-
ationwheresamplesanbe generatedrom the prior (or posterior)
distribution for 8. In particular the methodologycanbe appliedin
situationswherequantitiessuchas (2) cannotbe derived analyti-
cally. Thechoiceof prior or posteriorfor generatingealizationsof
6 from M is discussedn Pardoe(2001).

Someaspectof the modelbeing checled may dependonly on
0 itself, ratherthanon a sampleof n realizationsfrom M(@). For
example,® mightrepresenpredictedvaluesfor y|M. If model-fee
predictedvalueswere available,thesecould be comparedirectly
with the @ samplego assesshefit of themodel.

Marginal Model Plots

Following on from Cook and Weisbeg (1997), F(y|xz) =
M(y|z) for all valuesof = in its samplespaceif and only if
F(y|h) = M(y|h) for all functionsh = h(x). So,acomparison
betweerF (y|x) andM(y|w) canbemadeby comparingcharacter
isticsof F(y|h) andl\A/[(y|h) for varioush. Particularcharacteristics
thatcanbe usefulto compareéncludemeanandvariancefunctions.

To comparemeanfunctionsfor example, plot y versush for
somefixed h. Add a non-parametrianeanestimate, say a cubic
smoothingsplinewith fixed smoothingparameterto the plot. The
correspondingneanestimateunderM canbeobtainedrom anon-
parametrianeanestimatefor theregressiorof thefitted valuesun-
derM on h. Add this meanestimateo the plot to obtainamarginal
modelplot (MMP) for themeanin the(maminal)directionh. Using
the samemethodandsmoothingparametefor the meanestimates
underM andF allows point-wisecomparisorof the two estimates,
sinceary estimationbiasshouldcancel.

Ideasfor selectingusefulfunctionsh to considerin practicein-
cludefitted values,individual predictors,andlinear combinations
of predictors. If M is a usefulapproximationto F, thenfor ary
quantity h the mamginal meanestimateshouldagree.Any indica-
tion thattheestimatednaminal meanglonotagreefor oneparticu-
lar h callsM into questionjf they agreefor avarietyof plots,there
is supportfor M.

Bayes Marginal Model Plots

A problemthatariseswith usingMMP’s in practiceis deciding,
relative to the variationin the data,whenthe estimatedmarginal
meansagreeandwhenthey do not agree. How large do discrep-
anciesbetweerthe estimatednamginal meanshave to beto call M
into question?Evenif M = F, the estimatednamginal meansn a
MMP would not matchexactly. So,atechniques neededo visu-
alizethe variability in M to assessvhetherit would be reasonable
for thedatato begeneratedy suchanM. Thesamplinginterpreta-
tion for the Bayesiarmodelcheckingdiagnosticof Box andRubin
providessuchatechniquefor ary particularMMP, calculatemean
estimatedor fitted valuescorrespondingo individualsamplegrom
eitherthe prior distribution (for Box) or posteriordistribution (for
Rubin) of 8. Then,insteadof addingthe meanestimateunderM
to the plot of the meanestimateunderF, adda meanestimatefor
eachsample,B;,t = 1,...,m, andobtainwhat we call a Bayes
mauginal modelplot (BMMP) for the mean. Notethatthe & sam-
plesarebeinguseddirectly here,assuggestedbove.

If enoughsamplesaretaken, saym = 100, the Bayesmeanes-
timateswill form a meanestimateband underM. The plot then
providesavisualway of determiningwhetherthereis ary evidence



to contradictthe possibility that F(y|h) = M(y|h). If, for a par
ticular h, the meanestimateunderF lies substantiallyoutsidethe
meanestimatebandunderM, thenM is calledinto question. If,

no matterwhatthe function h is, the meanestimateunderF lies
broadly inside the meanestimatebandunderM, thenperhapsM
providesa usefuldescriptionof the conditionaldistribution of y|z.

An Example
The Normallinearregressiormodelcanbe written

y|(X,0) ~N(XB,0°W 1)

whereX is thedesignmatrix,® = (37,027, Bisap x 1 vector
of unknavn parametersy? is theunknown errorvarianceconstant,
andW is aknown diagonalweightmatrix.

The usualnon-informative prior for the Normal linear regres-
sionmodelis f(6) « o~2. ConsiderconstructingBMMP’s in this
situation. Sincethe prior is improper only Rubin’s approachis
appropriate.Samplingfrom the posterioris straightforvard since

f(ﬂ; Uzl(XJyd)) = f(ﬂl(XJ de 02) f(0'2|(X, yd) ln partiCU-
lar, draw avalueof o2 from

0-2 | (XJ yd) ~ RS&;EP

whereRSSXn » IS the usualweightedresidualsumof squaresli-
videdby a x? randonvariablewith n—p degreesof freedom.Then,
holdingo? fixed,draw avalueof 3 from

BI(X,yy0%) ~N (B,0*(X"WX) ")

whered = (XTWX)1XTWy is the usual weighted least
squaregstimatefor 3. Thefitted valuescorrespondingdo the pos-
terior samples3, are X3,. This procedureis straightforward to
programin S-Plususingthesmnoot h. spl i ne functionto obtain
the non-parametrieaneanestimatesvith userspecifiedsmoothing
parameter—furtherdetailsareavailablein Pardoe(2001).

Consideran example on maximizing yield, y, in a two-stage
chemicalprocesswith temperature$Ty,7>) andtimes(ty,ts) of
reactionat the two stagesandconcentratior(C) of oneof there-
actantsatthefirst stage.Box (1954)basecananalysisof thesedata
onafull second-orderesponseurfacemodel. However, fitting 21
parametersvith 32 obsenationsmay be somavhatambitious,and
Box notesthatthe dataappearo supportaresponseurfacethatis
atwo-dimensionatidge systemembeddedn the five-dimensional
spaceof predictorvariables. Cook (1998) suggestghat a three-
dimensionalidge systembasedon two linear combinationsof the
transformedpredictors/c; andle,, mayin factbe sufficient. Ac-
cordingly, we fit a second-ordemodelto lc; andlc,; BMMP's for
themeanin thedirectionsof thefitted valuesfor thismodelandics,
areshowvn in Figurel.

Both BMMP’s shav themeanestimatesinderF lying insidethe
meanestimatebandsunderM. Thereis little evidencein theseplots
to call this modelinto question.In fact,BMMP’s for this modelin
avariety of directionsh all appearto have this characteristic.So,
using this graphicaldiagnostictechnique there appeargo be no
compellingevidenceto questionthe model.

Thefitted modelcanthenbeusedwith confidenceo addresshe
practicalquestionof maximizingyield. Becausehe modelrepre-
sentsaathree-dimensionaidgesystemarangeof predictorsettings
canmaximizeyield. Box (1954)discussesvaysto identify such
settingsfrom the fitted model. For example,the experimentemmay
beinterestednainly in settingsfor (7, T>) thatmaximizeyield in
minimumtime ¢; + t» andminimumconcentratiorC'.
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Figurel: BMMP's for the mean.

Discussion

BMMP’s for the meanoffer aquick andeasyway to checkmod-
elsgraphically The samplingneedgo be doneonly oncefor each
modelandcycling throughBMMP’sin avarietyof directionsh pro-
videsguidanceon the usefulnes®f themodel. Work is in progress
to extendthemethodologyto variancefunctionestimatesto gener
alizedlinear models,to otherplots usedin regressiondiagnostics,
andto complementaryjuantitatve methods.

References

Box, G. E. P. (1954).The explorationandexploitation of responseur
faces: Somegeneralconsiderationsand examples.Biometrics10,
16-60.

Box, G. E. P. (1980).SamplingandBayes'’inferencein scientificmod-
elling androbustnesgwith discussion)Journal of the RoyalStatis-
tical SocietySeriesA (Geneal) 143 383—430.

Cook, R. D. (1998).RegressionGraphics: Ideasfor StudyingRegres-
sionsthroughGraphics New York: Wiley.

Cook, R. D. and S. Weisbeg (1997). Graphicsfor assessinghe ad-
equay of regressionmodels.Journal of the AmericanStatistical
Associatiorf2, 490-499.

Pardoe,l. (2001).A Bayesiansamplingapproachto regressionrmodel
checking.Journal of Computationaland Graphical Statistics In
press.

Rubin,D. B. (1984).Bayesianlyjustifiableandrelevantfrequeng cal-
culationsfor the appliedstatistician.The Annals of Statistics12,
1151-1172.



